Chapter 15

Proofs in Linear Algebra

A topic you may very well have studied in geometry, calculus, or physics is vectors. You
might recall vectors both in the plane R> = R x R and in 3-space R® = R x R x R.
Often one thinks of a vector as a directed line segment from the origin to some other point.
Examples of these (both in the plane and in 3-space) are shown in Figure 15.1.

Figure 15.1: Vectors in the plane and 3-space

The vector u in the plane (it is customary to print vectors in bold) shown in Fig-
ure 15.1(a) can be expressed as u = (4, 3); while the vector v in 3-space shown in Fig-
ure 15.1(b) can be expressed as v = (2,3,4). The vectors i = (1,0) and j = (0,1) in the
plane and i = (1,0,0), j = (0,1,0), and k = (0,0, 1) in 3-space will be of special interest to
us.

15.1 Properties of Vectors in 3-Space

One important feature of vectors is that they can be added (to produce another vector);
while another is that a vector can be multiplied by an element of some set, usually a
real number (again to produce another vector). In this context, these elements are called
scalars. Let’s focus on vectors in 3-space for the present. Let u = (a1,b;,c1) and v =
(a2, b2, c2), where a;, b;, ¢; (i =1,2) are real numbers. The sum of u and v is defined by

u+v=(a; +az,b +b2,c1+c2)
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and the scalar multiple of u by a scalar (real number) « is defined by
ou = (aay, aby, acy).
From this definition, it follows that

u = (al,bl,cl):(al,0,0)—i—(O,bl,O)—i—(0,0,cl)
= a1(1,0,0)—|—b1(0,1,0)+cl(0,0, 1):a1i—|—b1j+61k.

That is, it is possible to express a vector u in 3-space in terms of (and to be called a
linear combination of) the vectors i, j, and k in 3-space. Listed below are eight simple,
yet fundamental, properties that follow from these definitions of vector addition and scalar
multiplication in R3:

1. u+v=v+uforall uveR3
2. (u+v)+w=u+(v+w) foral uv,weR3.
3. For z = (0,0,0), u+z = u for all u € R?,

4. For each u € R3, there exists a vector in R which we denote by —u such that
u+ (—u)=z=(0,0,0).

5. a(u+v) =au+av for all « € R and all u,v € R3,
6. (a+B)u=oau+ Bu for all , 8 € R and all u € R3.
7. (aB)u = a(Bu) for all a, 3 € R and all u € R3.

8. lu=u for all u € R3.

These properties are rather straightforward to verify, as we illustrate with properties 1,
4, and 6. To verify property 1, observe that

u+v = (a,a2,a3)+ (b1,b2,b3) = (a1 + b1, a2 + ba, a3z + b3)
= (b1 + a,by + as, by +a3) =v-+u.
Here, we used only the definition of addition of vectors in R? and the fact that addition of
real numbers is commutative.

To verify property 4, we begin with a vector v = (b1, b, b3) € R? and show that there
is some vector in R3, which we denote by —v, such that v + (—v) = z = (0,0,0). There is
an obvious choice for —v, however, namely (—bj, —bg, —b3). Observe that

v+ (=b1, —=b2,—b3) = (b1,b2,b3) + (—b1, —ba, —b3)
= (b1 +(=b1), b2+ (=b2), bs+ (=b3)) = (0,0,0).

Hence, —v = (—b1, —b2, —b3) has the desired property. We note also that, according to the
definition of scalar multiplication in R3,

(=1)v = ((—1)b1, (—1)b2, (—1)b3) = (—by1, —b2, —b3) = —v.

We will revisit this observation later.



To establish property 6, observe that

(a+B)u = (a+pB)(a1,b,c1)

((a+ B)ar, (a + B)b1, ( + B)er))
(cay + Bar, aby + Bby, acy + fey)
(aay, aby, acy) + (Bay, Bby, Ber)
afar, b, c1) + B(ar, by, )

= au+ fu.

Thus, showing that (a + f)u = au + Bu also depends only on some familiar properties
of addition and multiplication of real numbers. Vectors in the plane can be added and
multiplied by scalars in the expected manner and, in fact, satisfy properties 1-8 as well.

15.2 Vector Spaces

In addition to vectors in the plane and 3-space, there are other mathematical objects
that can be added and multiplied by scalars so that properties 1-8 are satisfied. Indeed,
these objects provide a generalization of vectors in the plane and 3-space. For this reason,
we will refer to these more abstract objects as vectors as well. The study of vectors is a
major topic in the area of mathematics called linear algebra.

A nonempty set V, every two elements of which can be added (that is, if u,v € V, then
u + v is a unique vector of V') and each element of which can be multiplied by any real
number (that is, if « € R and v € V, then av is a unique element in V) is called a vector
space (in fact, a vector space over R) if it satisfies the following eight properties:

1. u+v=v+uforall uyv € V. (Commutative Property)

2. (u+v)+w=u+ (v+w) forall u,v,w € V. (Associative Property)

3. There exists an element z € V such that v+z=v forallve V.

4. For each v € V, there exists an element —v € V such that v 4+ (—v) = z.
5. a(u+v)=au+av foralla € Rand all u,veV.

6. (a+p)v=av+pviorall a,feRandallvelV.

7. (af)v =a(pv) for a,f € Rand all ve V.

8 lv=viforallveV.

The elements of V' are called vectors and the real numbers in this definition are called
scalars. Hence if u,v € V and o, € R, then both cu and gv belong to V. Therefore,
au+ (v € V. The vector au+ (v is called a linear combination of u and v. We can also
discuss linear combinations of more than two vectors. Let u, v, w be three vectors in V'
and let a, 3,7 be three scalars (real numbers). Therefore, au, fv, and yw are three vectors
in V and au + fv + yw is a linear combination of u, v, and w. We’ve now encountered a
familiar situation in mathematics. Since addition in V' is only defined for two vectors, what
exactly is meant by au+ v +~yw? There are two obvious interpretations of au+ v +yw,
namely, (au+ fv) +yw (where au and (v are added first, producing the vector au + (v,
which is then added to yw) and au+ (8v +yw). However, property 2 (the associative law
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of addition of vectors) guarantees that both interpretations give us the same vector and
consequently, there is nothing ambiguous about writing au+ 8v +yw without parentheses.
In fact, if vi,vo,...,v, € V and a1,as,...,a, € R, then a3vy + agve + ... + ap vy, is a
linear combination of the vectors vi,va, ..., v,.

The element z € V described in property 3 (and used in property 4) is called a zero
vector and an element —v in property 4 is called a negative of v. By the commutative
property, we also know that z+v = v and (—v) + v = z for every vector v € V. Since V
satisfies properties 1-4, the set V forms an abelian group under addition (see Chapter 13).

Although we have only defined a vector space over the set R of real numbers (and this
is all we will deal with), it is not always required that the scalars be real numbers. Indeed,
there are certain situations when complex numbers are not only suitable scalars but in fact,
the preferred scalars. Other possibilities exist as well.

Of course, we have seen two examples of vector spaces, namely, R? and R3 (with addition
and scalar multiplication defined above). More generally, n-space R® = R xR x ... xR
(n factors) is a vector space where addition of two vectors u = (a1, as,...,a,) and v =
(b1,ba,...,by) is defined by

u+v=_(ay+bi,as+ba...,an+by)
and scalar multiplication au, where o € R, is defined by
au = (aay,aag,. .., aa).

We now describe two vector spaces of a very different nature. Recall that Fgr is the set
of all functions from R to R, that is,

Fr={f: f:R—=R}

Therefore, the well-known trigonometric function f; : R — R defined by fi(x) = sinz for
all € R belongs to Fr. The function fo : R — R defined by fo(z) = 3z + /(2% + 1) for
all x € R also belongs to Fgr.

For f,g € Fr and a scalar (real number) «, addition and scalar multiplication are
defined by

(f+9)(x) = [f(x)+g(z) foralzecR,
(af)(z) = a(f(x)) forallzeR.

For the functions f; and f> defined above,

T T
P and (5f2)(x):15m+x2+1.

(fi + fo)(x) =sinx + 3z +

Under these definitions of addition and scalar multiplication, Fg is a vector space, the
verification of which depends only on ordinary addition and multiplication of real numbers.
As an illustration, we verify that FRr satisfies properties 2-5 of a vector space.

First we verify property 2. Let f,g,h € Fr. Then

(f+9)+h)@) = (f+9)(x)+h(z) = (f(z) +g(x)) + h(z)
f(@) + (g(2) + h(2)) = f(2) + (9 + h) (@)
(f + (g +h)(x)



for all x € R. Therefore, (f +g)+h=f+ (g+h).

Second we show that Fr satisfies property 3 of a vector space. Define the (constant)
function fy : R — R by fo(z) = 0 for all x € R. We show that fj is a zero vector for Fg.
For f € FR,

(f + fo)(@) = f(z) + fo(z) = f(z) + 0 = f(z)
for all x € R. Therefore, f + fo = f. The function fj is called the zero function in Fgr.

Next we show that Fr satisfies property 4 of a vector space. For each function f € Fr,
define the function —f : R — R by (—f)(x) = —(f(x)) for all x € R. Since

(f + (=) = fl2) + (= f)(x) = f(2) + (= f(2)) = 0= fo(z)

for all x € R, it follows that f + (—f) = fo and so —f is a negative of f.
Finally, we show that Fgr satisfies property 5 of a vector space. Let f,g € Fr and
a € R. Then, for each z € R,

(a(f+9)(x) = a((f+9)(x)=a(f(z)+g(z))
= af(@)+ag(r) = (af)(z) + (ag)(x) = (af + ag)(z)

and so a(f +g) = af + ag.

We now consider a special class of real-valued functions defined on R. These functions
are important in many areas of mathematics, not only linear algebra. A functionp: R — R
is called a polynomial function (actually a polynomial function over R) if

p(z) =ag+ a1z + ...+ apz"”

for all z € R, where n is a nonnegative integer and ag, a1, ..., a, are real numbers. The

expression p(x) itself is called a polynomial in z. You may recall that if a,, # 0, then n is

the degree of p(x). The zero function fj is a polynomial function. It is assigned no degree,

however. We denote the set of all polynomial functions over R by R[z]. Hence R[z] C Fg.
Let f,g € R[x] and let & € R. Then

f(x)=ap+a1z+...+apz™ and g(x) =bo+bix+ ...+ bypa™,

where n and m are nonnegative integers and a;,b; € R for 0 <i <n and 0 < j < m. If we
assume, say, that m > n, then the sum f + ¢ is the polynomial function defined by

(f+9)(z) = f(z)+g(x)
= (ap+bo) + (a1 + b))z + ...+ (an + by)x™ + b1z 4+ 4 2™,

while the scalar multiple af of f by « is the polynomial function defined by
(af)(z) = a(f(x)) = (aag) + (car)z + ... + (cay)z".

These definitions are, of course, exactly the same as the sum of two elements of Fr and the
scalar product of an element of Fr by a real number.

Actually, R[z] is itself a vector space over R under the addition and scalar multiplication
we have just defined. For example, let f,g € R[z]. Since R[z] C Fr and addition in Rlx]
is defined exactly the same as in Fg, it follows that f 4+ g = g + f; that is, property 1 of a
vector space is satisfied. By the same reasoning, property 2 and properties 5-8 are satisfied
as well. The zero function fy is in R[z] and we know that f + fo = f for all f € Fr.
Hence p + fo = p for all p € R[z]|. So fp is a zero vector for R[z]. For f € R|x] defined
by f(x) = ap + a1z + ... + apz™, we know that —f is given by (—f)(z) = —(f(x)) =
(—ap) + (—a1)z+ ...+ (—an)z™. Thus —f € R[z] is a negative of f. Thus properties 3 and
4 are satisfied as well, and so R[z] is a vector space over R.
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15.3 Matrices

Among the best known and most important examples of vector spaces are those con-
cerning matrices. A rectangular array of real numbers is called a matrix. The plural of
“matrix” is “matrices”. (In general, a matrix need not be an array of real numbers — it can
be a rectangular array of elements from any prescribed set. However, we will deal only with
real numbers.) Thus a matrix has m rows and n columns for some pair m, n of positive
integers and contains mn real numbers, each of which is located in some row 7 and column
j for integers ¢ and j with 1 <¢ <m and 1 < j < n. A matrix with m rows and n columns
is said to have size m x n and is called an m x n matrix (read as “m by n matrix”). Hence

1 V2 =3)2
B_[O—.S 4]

is a 2 x 3 matrix, while

aii ai2 Aln

a21 a2 a2n
A = )

Aml Am2 ... Qmn

Therefore, a;; represents the element located in row ¢ and column j of A. This is referred
to as the (i,j)-entry of A. In fact, it is convenient shorthand notation to represent the
matrix A by [a;;] and to write A = [a;;]. The ith row of A is [aj1ai2 . .. ai] and the jth
column is

For two matrices to be equal, they must have the same size. Furthermore, two m x n
matrices A = [a;;] and B = [b;;] are equal, written as A = B, if a;; = b;; for all integers ¢
and j with 1 <i<mand 1< j <n. That is, A = B if A and B have the same size and
corresponding entries are equal. Hence, in order for

[ 2 2 -3 (2 455 -3
A_[1/24 0] and B_[y 4 0]

to be equal, we must have z =4/5 and y = 1/2.

For positive integers m and n, let M,,,[R] denote the set of all m x n matrices whose
entries are real numbers. If m = n, then the matrices are called square matrices. The set
of all m x m (square) matrices whose entries are real numbers is also denoted by M,,[R].

We now define addition and scalar multiplication in M,,,[R]. Let A,B € M,,,[R],
where A = [a;5] and B = [b;;]. The sum A+ B of A and B is defined as that m x n matrix
[cij], where ¢;; = a;; + b;; for all integers i and j with 1 <i <mand 1 < j <n. For o € R,
the scalar multiple oA of A by « is defined as a4 = [d;;], where d;; = aa;; for all integers
iand j with 1 <i<m and 1 < j <n. For example, if



2 -1 -3 3 -9 2
A_[O 4 O] and B—[_2 5 O]a

then

5 —10 -1 -4 2 6
A+B—[_2 9 01 and (—2)A—[ 0 -8 0].

Under this addition and scalar multiplication, M,,,[R] is a vector space. As an illustration,

we verify that properties 1 and 3-5 of a vector space are satisfied in M3[R]. Let o € R and
let

A:[au an] and B:lbn 512].

as1 G929 b21 b22
Then
ail a2 bi1 bi2 a1 + b1 aiz + bio
[ a1 a2 ] ba1  bao ] a1 + ba1 a2 + bao
b1 + a1 biz + a2 b1 bi2 ail a2
bo1 + a1 b2 + a2 ba1 b2 a1 a2

This verifies property 1 of a vector space. We see here that verifying property 1 depended
only on the definition of addition of matrices and the fact that real numbers are commutative
under addition.

Let Z = l 8 8 ], often called the 2 x 2 zero matrix. Then
ail ai2 0 0 a1 +0 ap2+0
A+7 = =
* [ a1 Q99 + 0 0 1 a1 +0 ag+0
_ [ ail a2 ] 4
a1 a22

and so Z is a zero element of M[R], thereby verifying property 3.

Next, let —A = [ T ] Consequently,

—a21 —a22
A+ (-A) = ane aip || 0 —Gip | 0 0 _
a1 Q22 —az1 —ag2 0 0 ’

and so —A is a negative of A. Therefore, property 4 is satisfied. We note also that if A is
multiplied by the scalar —1, then we obtain

(—1)A = (~1) [ aiy a2 1 _ [ —ai; —ap 1 _ A

a1 a9 —a21 —a2
Finally,
air + b1 a2 + b2 a(ar; +b11) alarz + big)
A+ B) = =
(4 +B) a1 +ba1  agn + bao [ alagr +b21) alaz + ba2)
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B aail + aby1 aag + abis | a1 aage abir  abis
aao + abar  cage + abao Qa  aa aby  abaa

N N b1 bi2 — aA+aB.
a1 a9 bar  bag

Under the right set of circumstances, matrices can also be multiplied — although this
is, of course, not a requirement for a vector space.

Let A = [a;;] be an m x n matrix and B = [b;;] be an n x r matrix, that is, let A and
B be two matrices, where the number of columns in A equals the number of rows in B. In
this case, we define the product AB of A and B as that m x r matrix [c;;], where

cij = aitbij + aigbaj + ... + ainbn; = Z aikbr; (15.1)

for all integers ¢ and j with 1 < i < m and 1 < j < r. Hence the (i,j)-entry of AB is
obtained from the ith row of A and jth column of B, that is,

blj

bgj
[aﬂ a;p ... am] and

bn;

by multiplying corresponding terms of this row and column and then adding all n products.
The expression (15.1) is referred to as the inner product of the ith row of A and the jth
column of B. For example, let

1 —6 5
1 -3 5 0 2 0 1
Al—1 062] and - B=1 5 4
-6 0

Since A is a 2 X 4 matrix and B is a 4 x 3 matrix, the product AB is defined and, in fact,
AB = [c;j] is the 2 x 3 matrix, where the six inner products are

e = 1-14(=3)-245-340-(—6)=10
cig = 1-(=6)+(-3)-0+5-3+0-9=9
ct3 = 1.54+(=3)-145-240-0=12
c1 = 1)-14+40-246-34+2-(—6)=5
(=
)

(—
Coo = ( 1) )+0'0+6'3+2'9:42
(—

Co3 = 1)-54+0-146-24+2-0=T7.
Hence
10 9 12
AB_[ 5 42 7]

On the other hand, since the matrix B above is a 4 x 3 matrix and A is a 2 X 4 matrix,
the product BA is not defined. Certainly, however, if A and B are any two square matrices
of the same size, then AB and BA are both defined though they need not be equal. For
example, if



A= 12 and 32[01],

2 1 0
then
(2 1] . 1 2
AB = 9 1 , while BA{1 21.

15.4 Some Properties of Vector Spaces

Although we have now seen several different vector spaces, there are a number of proper-
ties that these vector spaces have in common (in addition to the eight defining properties).
Indeed, there are a number of additional properties that all vector spaces have in common.
Since vector spaces are defined by eight properties, one might expect, and rightfully so, that
any other properties they have in common are consequences of these eight properties.

According to property 3, every vector space contains at least one zero vector and by
property 4, every vector has at least one negative. We show that “at least one” can be
replaced by “exactly one” in both instances. Actually, these are consequences of the fact
that every vector space is a group under addition (Chapter 13). We verify these nevertheless.

Theorem 15.1  Every vector space has a unique zero vector.

Proof. Let V be a vector space and assume that z and z’ are both zero vectors in V. Since
z is a zero vector, z' +z = z’. Moreover, since z’ is a zero vector, z + z' = z. Therefore,
z=z+7 =2 +z=17. "

As a consequence of Theorem 15.1, we now know that a vector space V' possesses only
one zero vector z that satisfies property 3 of a vector space. Hence we can now refer to z
as the zero vector of V.

Theorem 15.2  Let V be a vector space. Then every vector in V has a unique negative.

Proof. Let v € V and assume that v; and vo are both negatives of v. Thus v+ v; = z
and v + vo = z. Hence

vi=vitz=vi+(Vv+vy)=(vi+V)+ve=2z+vy=vo. n

Proof Analysis Let’s revisit the proof of Theorem 15.2. We wanted to show that each
vector v has only one negative. We assumed that there were two negatives of v, namely v
and vo. Our goal then was to show that vi = vo. We started with vi. Our idea was to
add z to vy, as this sum is the vector v; again. Since z can also be expressed as v + va, we
made this substitution, bringing the vector v, into the discussion. Eventually, we showed
that this expression for v was also equal to vy. There is another approach we could have
tried.

Since vi and vy are both negatives of v, it follows that v+ vy = z and v 4+ vy = z, that
is, v+ vy = v + vo. If we add the same vector to both v 4+ v; and v 4+ v, we obtain equal
vectors (since v+ vy = v+ va). A good choice of a vector to add to both v+ v; and v+ v
is a negative of v (either one!). This gives us the following list of equalities:

vi+(vV+vy) = vi+(v+va)
(Vvi+v)+vi = (vi+Vv)+va
z+vy = Z+Vy

Vi = Va.
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Although this string of equalities results in vi = vo, this is not a particularly well-written
proof. However, since our goal is to show that vi = vs, this suggests a way to arrive at
our goal. We start with v; (at the bottom of the left column), proceed upward, then to the
right, and downward, producing

vi = z4+vi=Vi+vVv)+vi=vi+(v+vy)

= vit+(v+ve)=(vi+V)+ve=2z+ vy = vy,

which is similar to the proof given in Theorem 15.2 (though a bit longer). <

As a consequence of Theorem 15.2, we can now refer to —v as the negative of v. Of
course, the zero vector z has the property that z+z = z. However, no other vector has this

property.
Theorem 15.3  Let V be a vector space. If v is a vector such that v+v = v, then v = z.

Proof. Since v + (—v) = z, it follows that

z=v+(—Vv)=(vV+Vv)+(-Vv)=v+(Vv+(-Vv))=v+z=v. "

A proof like that given for Theorem 15.3 can be obtained by adding —v to the equal
vectors v + v and v and proceeding as we did in the discussion following the proof of
Theorem 15.2. Also, see Exercise 15.6(b).

We now describe two other properties concerning the zero vector that are consequences
of Theorem 15.3.

Corollary 15.4  Let V be a vector space. Then
(i) Ov =z for every vector v in V and

(11) az =z for every scalar a € R.

Proof. First, we prove (i). Observe that
0v=(040)v =0v +0v.

By Theorem 15.3, 0v = z.
Next we verify (ii). Observe that

az = a(z+z) = az + az.

Again, by Theorem 15.3, az = z. L]

Hence, by Corollary 15.4, O0v = z for every vector v in a vector space and az = z for
every scalar o. That is, if either « = 0 or v = z, then av = z. We now show that the
converse of this statement is true as well.

Theorem 15.5 Let V be a vector space. If av = z, then either a« =0 or v = z.
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Proof. If a =0, then, of course, the statement is true. So we may assume that a # 0. In

this case,
1 1 1
v=1v=<a)V:(>(av):<>z:z. "
a a a

Another useful property is that the scalar multiple of a vector by —1 is the negative of
that vector. Actually, we have observed this earlier with two particular vector spaces but
this is true in general.

Theorem to Prove If v is a vector in a vector space, then (—1)v = —v.

Proof Strategy Since v has a unique negative, to show that (—1)v = —v, we need only
verify that the sum of v and (—1)visz. ¢

Theorem 15.6  If v is a vector in a vector space, then (—1)v = —v.
Proof. Observe that
v+ (-l)v=1lv+ (-1)v=(1+(-1))v=0v =z

Hence (—1)v = —v. n

15.5 Subspaces

Earlier we saw that Fg = {f : f: R — R} is a vector space (under function addition
and scalar multiplication). Since the set R[z] of all polynomial functions over R is a subset
of Fr and the addition and scalar multiplication defined in Rz| are exactly the same as
those defined in Fr, it was considerably easier to show that R[z| is a vector space. This
idea can be made more general.

For a vector space V, a subset W of V is called a subspace of V if W is vector space
under the same addition and scalar multiplication defined on V. Hence if W is a subspace
of a known vector space V', then W itself is a vector space. Since every subspace contains
a zero vector, W must be nonempty.

As we study vector spaces further, we will see that certain subspaces appear regularly
and consequently it is beneficial to have an understanding of subspaces. Furthermore, some
sets having an addition and scalar multiplication defined on them are subsets of known
vector spaces and can be shown to be vector spaces more easily by verifying that they are
subspaces.

What is required to show that a subset W of a vector space V is a subspace of V7?7 Of
course, W must satisfy the eight properties required of all vector spaces. In addition, if
u,v € W, then u+ v must belong to W. This property is expressed by saying that W
is closed under addition. Also, if « is a scalar (a real number) and v € W, then av
must belong to W. We express this property by saying that W is closed under scalar
multiplication.

Property 1 (the commutative property) requires that u+v = v+u for every two vectors
u and v in W. However, V' is a vector space and satisfies property 1. Thus u+v = v+u and
W satisfies property 1. By the same reasoning, property 2 and properties 5-8 are satisfied
by W. These properties of W are said to be inherited from V. Hence for a nonempty
subset W of a vector space V to be a subspace of V| it is necessary that W be closed under
addition and scalar multiplication. Perhaps surprisingly, these requirements are sufficient
as well for a nonempty subset W of V' to be subspace of V.
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Theorem 15.7 (The Subspace Test) A nonempty subset W of a vector space V is a
subspace of V' if and only if W is closed under addition and scalar multiplication.

Proof. First, let W be a subspace of V. Certainly, W is closed under addition and scalar
multiplication. For the converse, let W be a nonempty subset of V' that is closed under
addition and scalar multiplication. As we noted earlier, W inherits properties 1, 2 and 5-8
of a vector space from V. Since W is nonempty and is closed under addition and scalar
multiplication, only properties 3 and 4 remain to be verified. Since W # (), there is some
vector v in WW. Since W is closed under scalar multiplication, it follows by Corollary 15.4(1)
that Ov = z € W. Hence W contains a zero vector (namely the zero vector of V') and
property 3 is satisfied. Now let w be any vector of W. Again, (—1)w € W. However, by
Theorem 15.6, (—1)w = —w € W, and so w has a negative in W (namely the negative of
w in V). Thus property 4 is satisfied in W as well. n

The proof of Theorem 15.7 brought out two important facts. Namely, if W is a subspace
of a vector space V, then W contains a zero vector (namely, the zero vector of V') and for
every vector w € W, its negative —w belongs to W as well.

Every vector space V' (containing at least two elements) always contains two subspaces,
namely V itself and the subspace consisting only of the zero vector of V. We now present
several examples to illustrate how the Subspace Test (Theorem 15.7) can be applied to show
that certain subsets of a vector space are (or are not) subspaces of that vector space. The
first two examples concern the vector space R3.

Result 15.8  The set
W ={(a,b,2a —b) : a,be R}

is a subspace of R3.

First observe that W contains all vectors of R? whose 3rd coordinate is twice the first
coordinate minus the second coordinate. So for example, W contains (3,2,4), taking a = 3
and b = 2, and (0,0,0), taking a = b = 0. Of course, if W is to be a subspace of R3, then
it is essential that W contains the zero vector of R3.

Proof of Result 15.8.  Since W contains the zero vector of R?, it follows that W # 0.
To show that W is a subspace of V', we need only show that W is closed under addition
(that is, if u,v € W, then u+v € W) and that W is closed under scalar multiplication (that
is, if u € W and a € R, then au € W). Let u,v € W and a € R. Then u = (a,b,2a — b)
and v = (¢,d, 2¢ — d), where a,b,c,d € R. Then

u+v = (a+cb+d,2(a+c)—(b+d) €W and
au = (aa,ab,2(aa)— (ab)) € W.

By the Subspace Test, W is a subspace of R3. n

Example 15.9  Determine whether
W ={(a,b,a*+b) : a,be R}

is a subspace of R3.
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Solution.  Taking a = b = 1, we see that u = (1,1,2) € W. Then 2u = (2,2,4). Since
4 # 22 4 2, it follows that 2u ¢ W. Since W is not closed under scalar multiplication,
W is not a subspace of R3. (The subset W of R is not closed under addition either since

utugW.,) &

We next consider the vector space Fr. We have already mentioned that R[z] is a
subspace of Fr. Also, the set Cp = {f € Fr : [ is continuous} is a subspace of Fg.
Indeed, R]x] is a subspace of Cr as well.

Result 15.10 Let Fo={f € Fr : f(1) =0}. Then Fy is a subspace of FR.

Hence the function f; : R — R defined by fi(x) = 2 — 1 belongs to Fy, as does the zero
function fp: R — R defined by fo(z) = 0 for all x.

Proof of Result 15.10.  Since F{ contains the zero function, Fy # (). Let f, g € Fy and
a € R. Then

(f+9)(1) =f1)+9(1)=0+0=0 and (af)(1)=af(l)=a-0=0.
Thus f+ g € Fp and af € Fy. By the Subspace Test, Fqy is a subspace of Fgr. n
Example 15.11  Determine whether
Fi={feFr : f(0)=1}
is a subspace of FR.

Solution.  Observe that the functions g, h € Fr defined by g(z) = x+1 and h(z) = 22+1
belong to Fi. However, (g+h)(z) = g(z)+h(x) = 2> +2+2 and (g+h)(0) = 2, s0 g+h ¢ Fi.
Therefore, F; is not a subspace of Fr. <

The next example concerns the vector space Ma(R) of 2 x 2 matrices with real entries.

W—{[a 0]: a,b,ceR}
b c

Hence W consists of all these 2 x 2 matrices whose (1,2)-entry is 0. Thus the zero
matrix, all of whose entries are 0, belongs to W.

Proof of Result 15.12.  Since W contains the zero matrix, W # ). Let A, B € W and

a€eR. So
a 0 d 0
A—lbcl and B_[e f]’

where a,b,c,d,e, f € R. Then

Result 15.12 The set

is a subspace of Ma(R).

a-+d 0

A+ B = b+e c+ f

ab ac

and aA:[aa 01.

Therefore, A + B and aA belong to W and by the Subspace Test, W is a subspace of
MQ(R) |
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15.6 Spans of Vectors

In Result 15.12 we showed that the set

Wz{la O] : a,b,cGR}
b c

is a subspace of Ma(R). Thus if A € W, thenA:[Z 2] for some a, b, c € R. Observe,
also, that
A~ Jao]_[ao], Joo] oo
- b ¢c| |00 b 0 0 ¢
_ o] foo], Joo
o 0 0 1 0 01|

In other words, A (and, consequently, every matrix in W) is a linear combination of

0 0 1 0 0 1
these three matrices. This observation illustrates a more general situation.

Recall that if V is a vector space, vi,vo,...,v, € V, and aq,a9,...,a, € R, then
every vector of the form ayvy + asve + ...+ a, Vv, is a linear combination of the vectors
Vi,Va,...,V,. Thus, by taking a1 = a = ... = a,, = 0, we see that the zero vector is a
linear combination of vi,va,...,v,. Also, by taking a; = 1 for a fixed integer i (1 <i < n)
and all other scalars 0, we see that each vector vj is a linear combination of vi,va,...,v,.
We have noted that every linear combination of vectors in V' is a vector in V' and, of course,
the set of all such linear combinations is a subset of V. In fact, more can be said of this
subset.

[ L0 ] , 00 and [ 00 . Therefore, W is the set of all linear combinations of

Theorem 15.13  Let V be a vector space containing the vectors vi,va, ..., v,. Then the
set W of all linear combinations of vi,va,..., vy is a subspace of V.

Proof. Since W contains the zero vector of V, it follows that W # ). Let u,w € W and
let « € R. Then u = a1vy + asvy + ...+ a,v, and w = $1v] + Bovo + ... + 8, V,, Where
a;,3; € Rfor 1 <i<n. Then

u+w = (a1+01)vi+ (ag+ B2)va+ ...+ (an + Bn)vy and
au = (aai)vy+ (aaz)ve + ...+ (aay)vy.
So both u 4+ w and au are linear combinations of vi,vo,..., v, and hence belong to W.
Thus by the Subspace Test, W is a subspace of V. [
For vectors vi,va,...,v, in a vector space V', the subspace W of V consisting of all
linear combinations of vy, vo,..., v, is called the span of vi,vs,..., v, and is denoted by
(V1,va,...,vp). Also, W is referred to as the subspace of V' spanned by vi,va,...,vj.

By Result 15.12,

i (R S ER I R AL



15

We saw in Result 15.8 that W = {(a,b,2a —b) : a,b € R} is a subspace of of R3. Since
(a,b,2a — b) = a(1,0,2) + b(0,1, —1), it follows that W is spanned by the vectors (1,0, 2)
and (0,1, —1), that is, W = ((1,0,2), (0,1, —1)).

We consider another illustration of spans of vectors.

Result 15.14  Let f1, f2, f3,92 and g3 be five functions in R[z] defined by fi(x) = 1,
fo(x) = 1+ 22, f3(x) = 1+ 22 + 2%, go(x) = 22, and g3(x) = 2* for all z € R, and let
W = (f1, f2, f3) and W' = (f1, g2,93). Then W = W',

Since W and W' are sets of vectors (polynomial functions) and our goal is to show that
W = W', we proceed in the standard manner by showing that each of W and W' is a subset
of the other.

Proof of Result 15.14. First, we show that W C W'. Let f € W. Then f =
afi + bfs + cfs for some a,b,c € R. Hence, for each x € R,

f@) = a-14b-(1+2%) +c- (1+2? +2")
= (a+b+e)+(+c)-a*+c at

Thus, f is also a linear combination of fi, g2, and g3. Consequently, W C W’. It remains
to show that W/ C W. Let g € W’. Then

g = afi + bga + cgs for some a,b,c € R.

So, for each x € R,

g(z) = a-1+b-az2—|—c-x4:(a—b)-1+b-(1—|—x2)—|—c-x4

= (a=b) 1+ 0b-0)-(1+2*) +c- (1+2?+a').

Hence g is also a linear combination of fi, fa, f3 as well and so W/ C W. [

From what we have seen, if V' is a vector space containing the vectors vi,va,..., vy,
then W = (vq,va,...,vy,) is a subspace of V' (that contains vi,va,...,v,). Quite possibly
other subspaces of V' contain vi,vo,...,v, as well. Of course, V itself is a subspace of
V' containing vi,va,...,v,. In a certain sense though, W is the smallest subspace of V
containing vi,va, ..., Vp.

Theorem 15.15  Let V be a vector space containing the vectors vi, va, ..., vy and let
W = (vi,va,...,vp). If W is a subspace of V' containing vy, va, ..., Vg, then W is a
subspace of W'.

Proof. Since W and W’ are subspaces of V, we need only show that W C W’. Let
veW. Thus v = aivy + agva + ... + ap vy, where a; € R for 1 < ¢ < n. Since v; € W’
for 1 <i <n and W’ is a subspace of V, it follows that v € W’. Hence W C W'. n

There is a consequence of Theorem 15.15 that is especially useful.

Corollary 15.16  Let V be a vector space spanned by the vectors vy, vo, ..., vp. If W
is a subspace of V' containing vi, vo, ..., vy, then W =V,
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Proof. Since W is a subspace of V, certainly W C V. By Theorem 15.15, V. C W. Thus
W =1V. L]

To illustrate a number of the concepts and results introduced thus far, we consider an
example concerning 3-space.

Result 15.17

(i) For the vectors i = (1,0,0), j = (0,1,0), and k = (0,0,1), R? = (i, j, k).

(i) If w1 = (1,1,0), wo = (0,1,1), and w3 = (1,1,1), then R3 = (w1, wa, w3).
(791) Letu; = (1,1,1), ug = (1,1,0), and uz = (0,0,1). Then (uj,uz,us) = (uy, ug).

Proof. Let W7 = (i,j, k). Since W is a subspace of R3, it follows that W; C R3.
We now show that R® C Wi. Let v € R3. So v = (a,b,c), where a,b,c € R. Then
v = (a,0,0) + (0,b,0) + (0,0,¢) = a(1,0,0) + b(0,1,0) + ¢(0,0,1) = ai + bj + ck. Hence v
is a linear combination of i, j, and k, and so v € W;. Hence R?® C W;. This implies that
R? = (i,j, k) and (i) is verified.

Next, we verify (ii). Let W = (w1, wa, w3). To verify that R? = W5, it suffices to show
by Corollary 15.16 and part (i) of this result that each of the vectors i, j, and k belongs to
Ws. To show that i, j, and k belong to W5, we are then required to show that each of i, j, and
k is a linear combination of wy, wo, and ws. Since i = (1,0,0) = (1,1,1) + (—1)(0,1,1), it
follows that i = 0-wj 4+ (—1)wa+1-ws. Now j = (0,1,0) = (1,1,0)+(0,1,1)+(—1)(1,1,1);
soj=1-w;+1-wy+ (—1)ws. Finally, k = (0,0,1) = (1,1,1) + (=1)(1,1,0) and so
k= (—1)wy +0-wy+ 1-ws. Hence R® = W5 and (ii) is established.

Finally, we verify (iii). Let W = (u1,u2) and W’ = (uj,us,u3). Since W' contains the
vectors u; and ug, it follows by Theorem 15.15 that W C W'.

By Corollary 15.16, to prove that W’ C W, we need only show that each of the vectors
up, ug, and uz belongs to W, that is, each of these three vectors is a linear combination of
u; and uy. This is obvious for uy and ug asu; =1-u; +0-uy and ug = 0-ug + 1 - us.
Thus it remains only to show that ugz is a linear combination of u; and us. However,
us = (0,0,1) = (1,1,1) + (—-1)(1,1,0) = 1 - uj + (—1)ug, completing the proof. "

15.7 Linear Dependence and Independence

For the vectors u; = (1,1,0) and ug = (0,1,1) in R?, the vector uz = (—1,1,2) € R? is
a linear combination of u; and us since

u3=(—1,1,2)=(-1) - w1 +2-up =(—-1)-(1,1,0) +2-(0,1,1).

Therefore, in a certain sense, the vector us depends on u; and us in a linear manner. This
linear dependence can be restated as

(—=1)-u1 +2-us+(—1)-u3 = (0,0,0).

This kind of dependence plays an important role in linear algebra.

Let S = {uj,uy,...,u,} be a nonempty set of vectors in a vector space V. The set
S is called linearly dependent if there exist scalars ci,co,...,c¢n, not all 0, such that
ciu; + coug + ... + ¢y, = z. If S is not linearly dependent, then S is said to be linearly
independent. For S = {uj,ug,...,u,}, we also say that the vectors uj,ug,...,u,, are
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linearly dependent or linearly independent according to whether the set S is linearly de-

pendent or linearly independent, respectively. Consequently, the vectors uj, us, ..., u,, are
linearly independent if whenever ciu; + cous + ... + ¢y, = 2z, then ¢; = 0 for each ¢
(I1<i<m).

We now consider some examples.

Example 15.18  Determine whether S = {(1,1,1),(1,1,0),(0,1,1)} is a linearly inde-
pendent set of vectors in R3.

Solution. Let a,b, and ¢ be scalars such that
a-(1,1,1)+b-(1,1,0) +¢-(0,1,1) = (0,0,0).

By scalar multiplication and vector addition, we have (a + b,a + b+ ¢,a + ¢) = (0,0,0),
arriving at the following system of equations:

a+b = 0
a+b+c = 0
a+c = 0.

Subtracting the first equation from the second, we obtain ¢ = 0. Substituting ¢ = 0 into the
third equation, we obtain ¢ = 0. Substituting a = 0 and ¢ = 0 into the second equation, we
obtain b = 0. Hence a = b= ¢ =0 and S is linearly independent. <

Example 15.19  Determine whether
2 1 0 1 11
is a linearly independent set of vectors in Ma(R).

Solution.  Again, let a,b, and ¢ be scalars such that
2 1 b 01 1 1] (00
“11 0 12 11| |o ol

By scalar multiplication and matrix addition, we have

:[gg]

+c

2a+ ¢ a+b+ec
a+b+c 2b+ ¢

This results in the system of equations:

2a +c =
a+b+tc =
2b+c =

where the second equation actually occurs twice. From the first and third equations, it
follows that ¢ = —2a and ¢ = —2b and so a = b = —¢/2. Substituting these values for a
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and b in the second equation gives (—c/2) + (—¢/2) + ¢ = —c+ ¢ = 0, that is, the second
equation is satisfied for every value of c. Hence, if we let ¢ = —2, say, then a = b =1 and

1.“ ;]H.[g ;]+(—2)-“ ;Hg g].

Consequently, S is a linearly dependent set of vectors. <
We now show that a familiar set of polynomial functions is linearly independent.

Theorem to Prove For every nonnegative integer n, the set S, = {1,z,22,... 2"} is
linearly independent in R[z].

Proof Strategy The elements of S,, are actually functions, say S,, = {fo, f1, f2,---, fn},
where f; : R — R is defined by f;(z) = 2% for 0 < i < n and for all z € R. To show that S,
is linearly independent, we are required to show that if ¢ - 14 c12 4+ cax® 4+ ... + cpaz™ = 0,
where ¢; € R for 0 < i < n, then ¢; = 0 for all i. Of course, the question is how to do
this. By choosing various values of x, we could arrive at a system of equations to solve. For
example, we could begin by letting x = 0, obtaining cp-1+¢;-04+c2-0+ ...+ ¢, -0=0,
and so ¢g = 0. Therefore, ¢z + caz? + ... + cpz™ = 0. Letting 2 = 1 and « = 2, we have
c1+co+...4¢,=0and 2¢; +2%¢co + ...+ 2%, = 0. We could actually arrive at a system
of n equations and n unknowns, but perhaps this is sounding complicated.

On the other hand, from the statement of the theorem, another approach is suggested.
Quite often when we see a theorem stated as “for every nonnegative integer n”, we think
of applying induction. The main challenge to such a proof would be to show that if
{1,z,22,..., 2"} is linearly independent, where k > 0, then {1, 2,22, ..., 2"} is linearly in-
dependent. Hence we would be dealing with the equation co-14+c1z+caz?+. . .—l—ck+1mk+1 =0
for ¢; € R, 0 < i < k+ 1, attempting to show that ¢; = 0 for alli (0 <i < k+1). We
already mentioned that showing ¢y = 0 is not difficult. In order to make use of the induction
hypothesis, we need a linear combination of the polynomials 1, z,z2,...,z*. One idea for
doing this is to take the derivative of cg -1+ 1z + co2® + ... + ezt O

Theorem 15.20  For every nonnegative integer n, the set S, = {1,z,2%,... 2"} is lin-
early independent in R[z].

Proof. We proceed by induction. For n = 0, we are required to show that Sp = {1} is
linearly independent in R[z]. Let ¢ be a scalar such that ¢-1 = 0. Then surely ¢ = 0 and
S0 Sy is linearly independent.

Assume that S, = {1,z,22,..., 2"} is linearly independent in R[z], where k is a non-
negative integer. We show that Sy = {1,z,22%,..., 21} is linearly independent in R/[z].
Let co,c1,...,cry1 be scalars such that

co 14z + e+ ...+ ck+1xk+1 =0, (15.2)

for all x € R. Letting x = 0 in (15.2), we see that ¢cp = 0. Now taking the derivatives of
both sides of (15.2), we see that

c1-142co1 + 332> + ... + (k+ 1)ck+1xk =0

for all x € R. By the induction hypothesis, St is a linearly independent set of vectors in
R[z] and so ¢; = 2¢p = 3¢c3 = ... = (k4 1)cgr1 = 0, which implies that ¢ = co = ¢3 =
... =cgy1 = 0. Since ¢g = 0 as well, it follows that Si11 is linearly independent. n
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Proof Analysis Before proceeding further, it is important that we understand the proof
we have just given. The proof began by showing that Sy = {1} is linearly independent.
What this means is that Sy consists of the single constant polynomial function f defined
by f(z) =1 for all z € R. Let ¢ be a scalar (real number) such that c¢- f = fo, where fy
is the zero polynomial function defined by fy(x) = 0 for all z € R. Thus, for each z € R,

(c¢f)(x) = fo(x) = 0, that is,
(cf)(x)=c- fz)=c-1=0= fo(x)
andsoc=0. <
We now consider a result for a general vector space.

Result 15.21  If vi,vy, and vs are linearly independent vectors in a vector space V,
then vi, vi + va, and vi + vo + v3 are also linearly independent in V.

Proof. Let a,b, and ¢ be scalars such that
a-vi+b-(vi+ve)+c-(vi+va+vy) =z

From this, we have
(a+b+c)-vi+(b+c) - vat+c-vsy =z

Since vi,ve, and vs are linearly independent, a + b+ ¢ = b+ ¢ = ¢ = 0, from which it
follows that a = b = ¢ = 0 and so vi, vi + vg, and v; + vo + v3 are linearly independent. m

Let S = {vi,va,...,v,} be a set of n vectors, where n € N, and let S’ be a nonempty
subset of S. Then |S’| = m for some integer m with 1 < m < n. Since the order in which
the elements of S are listed is irrelevant, these elements can be rearranged and relabeled if
necessary so that S’ = {vy,va,..., v, }. This fact is quite useful at times.

Theorem 15.22  Let S be a finite nonempty set of vectors in a vector space V. If S
is linearly independent in V and S’ is a nonempty subset of S, then S’ is also linearly
independent in V.

Proof. We may assume that S" = {vi,va,...,vi,}and S = {v1,v2, ..., Um, Umt1s -+ -, Un},
where then 1 < m < n. If m = n, then S’ = S and surely S’ is linearly independent. Thus
we can assume that m < n. Let c¢1,co, ..., ¢y, be scalars such that

c1Vi + v+ ...+ eV, = Z.
However, then,
civi+ceavo+ ...+ eV + Vi1 + 0viao + ...+ 0vy, = 2. (15.3)
Since S is linearly independent, all scalars in (15.3) are 0. In particular, ¢; = ¢y = ... =

¢m = 0, which implies that S’ is linearly independent. [

We can restate Theorem 15.22 as follows: Let V be a vector space, and let S and S’
be finite nonempty subsets of V such that S’ C S. If S is linearly independent, then S’
is linearly independent. The contrapositive of this implication gives us: If S’ is linearly
dependent, then S is linearly dependent.
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Although we have only discussed linear independence and linear dependence in connec-
tion with finite sets of vectors, these concepts exist for infinite sets of vectors as well. An
infinite set of vectors in a vector space V is linearly independent if every finite nonempty
subset of S is linearly independent. Equivalently, an infinite set S of vectors in a vector
space V is linearly dependent if some finite nonempty subset of S is linearly dependent.
Every example we have seen of a (finite) set S of linearly dependent vectors in some vector
space V gives rise to an infinite set T' of linearly dependent vectors; namely, any infinite
subset T of V' such that S C T is linearly dependent. But what is an example of a vec-
tor space that contains infinitely many linearly independent vectors? We provide such an
example now.

Result 15.23  The set T = {1,z,22,...} is linearly independent in R|[x].

Proof. Let S be a finite nonempty subset of T'. Then there is a largest nonnegative integer
m such that 2™ € S. Therefore, S C S,, = {1,z,22,...,2™}. By Theorem 15.20, S,, is lin-
early independent in R[x] and by Theorem 15.22, S is linearly independent. Consequently,
T is linearly independent in R|x]. "

15.8 Linear Transformations

We have seen that many properties of a vector space V', subspaces of V', the span of a set
of vectors in V, and linear independence and linear dependence of vectors in V' deal with a
common concept: linear combinations of vectors. Perhaps this is not unexpected in an area
of mathematics called linear algebra. There are occasions when two vectors spaces V' and
V' are so closely linked that with each vector w € V, there is an associated vector w’ € V’
such that the vector associated with au + v in V is au’ + 8v’/ in V’. Such an association
describes a function from V' to V’. In particular, a function f: V — V’ is said to preserve
linear combinations of vectors if f(au+ gv) = af(u)+ Gf(v) for all u,v € V and every
two scalars « and . If f : V — V' has the property that f(u+v) = f(u) + f(v) for all
u,v € V| then f is said to preserve addition; while if f(au) = af(u) for all u € V' and
every scalar «, then f is said to preserve scalar multiplication.

Let z’ be the zero vector of V/. If f : V — V' preserves linear combinations and
u,v € V, then

flutv)=f1-ut+1-v)=1-f(a)+1-f(v)=f(u)+f(v)

and f(au) = f(au+0v) = af(u) + 0f(v) = af(u) + 2 = af(u). Hence if f : V —
V' is a function that preserves linear combinations, then f preserves addition and scalar
multiplication as well.

Conversely, suppose that f : V — V' is a function that preserves both addition and
scalar multiplication. Then for u,v € V and scalars a and (3,

flau+v) = fau) + f(Bv) = af (n) + Bf(v),

that is, f preserves linear combinations. Because functions that preserve linear combinations
are so important in linear algebra, they are given a special name.

Let V and V' be vector spaces. A function T : V — V' is called a linear transfor-
mation if it preserves both addition and scalar multiplication, that is, if it satisfies the
following conditions:
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I. T(u+v)=T(u)+T(v)
2. T(av) =aoT(v)

for all u,v € V and all @ € R. There are some points in connection with these conditions
that need to be addressed and that may not be self-evident. Condition 1 states that 7'(u+
v) = T'(u) + T(v) for every two vectors u and v of V. Hence the addition indicated in
T(u+ v) takes place in V; while, on the other hand, since T'(u) and T'(v) are vectors in
V', the addition indicated in T'(u) + T'(v) takes place in V'. Also, condition 2 states that
T(av) = aT'(v) for every vector v in V and every scalar . By the same reasoning, the
scalar multiplication indicated in T'(av) takes place in V', while the scalar multiplication
in aT'(v) takes place in V'. From what we have already seen, every linear transformation
preserves linear combinations of vectors (hence the name).
Let’s consider an example of a linear transformation.

Result 15.24 The function T : R® — R? defined by
T((a,b,c)) =T(a,b,c) = (2a + ¢,3c —b)
is a linear transformation.

Before we prove Result 15.24, let’s be certain that we understand what this function
does. For example, T'(1,2,3) = (5,7), T'(1,—6,—2) = (0,0), while 7°(0,0,0) = (0,0) as well.
We now show that T is a linear transformation.

Proof of Result 15.24. Let u,v € R®. Then u = (a,b,¢) and v = (d,e, f) for
a,b,c,d,e, f € R. Then
T(u+v) = Tla+db+ec+f)=(2a+d) +c+f.3(c+f)— (b+e)
= (2a+c¢3c—b)+ 2d+ f,3f —e)
= T(a,b,¢) + T(dye, f) = T(u) + T(v)

and
T(au) = T(a(a,b,c)) =T (aa,ad,ac)
= (2aa+ ac,3ac — ab) = a(2a + ¢,3¢ — b) = aT'(u),
as desired. n
a
Sometimes the vectors in R? are written as “column vectors”, that is, as | b | rather
c

than (a,b, c) or the “row vector” [a b ¢|. In this case, notice that the linear transformation
T : R? — R? defined by T'(a,b,c) = (2a + ¢, 3¢ — b) can be described as

a
B 12 01 | 2a+c
Tlabey =T\ b\ =17 3] T —b+3e |’
“ 2 0 1
that is, if welet v=| b | and A = [ 0 -1 3 ] , then this linear transformation can be
c

defined in terms of the matrix A, namely,

T(v) = Av.
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In general, if A is an m x n matrix, then the function 7' : R™ — R™ defined by
T(u) = Au for an n x 1 column vector u € R" is a linear transformation. For example,

1 -2
consider the 3 x 2 matrix A= | 3 -1 .Foru:[Z],v:[Z],andaER,

2 5
atc 1 -2 ate a+c—2b—2d
Tu+v) = T( b d )z 3 —1 bid | = 3a+3c—b—d
2 5 2a + 2¢ + 5b + 5d
a—2b c—2d a .
= 3a—0b + | 3¢c—d :T< b >+T< d])
2a + 5b 2c + bd
= T(u)+7(v)
and
1 -2 aa — 2ab
T(ou) = T<[ZZ]>: 3 -1 [ZZ]: 3aa — ab
2 5 2aa + bab

a—2b
= af| 3a—-0b :aT<lZ]>:aT(u).
2a + 50

Thus, T : Ry — Rg3 is a linear transformation. The proof for a general m x n matrix
is similar. As another illustration of a linear transformation, we consider a well-known
function from R[z] to itself.

Result 15.25  The function D (for differentiation) from Rlx] to R[x] defined by

D(co + c1x + o 4.+ cnx) =c1 + 20+ ...+ ne,z™
is a linear transformation.

Proof. Let f,g € R[], where f(x) = ag + a17 + a2x® + ... + a,2" and g(x) = by + brz +
box? + ...+ bex® and, say, r < s. Then

D(f(x)+g(x)) = D(ao+arz+...+apx")+ (bo+bix + ...+ bsz?))

D ((ag +bo) + (a1 + b))z +...+ (ap +b)z" + bz + .+ bsxs)
= (a1 +b)+...4+7(ar +b)2" L+ (r+ Dbpyrz” + ... + sba® !

= (a1 4+ 2a9x 4+ ...+ rara:’"71> + (bl 4+ 2box 4+ ...+ sbsxsfl)

= D(f(x)) + D(g(x))

and

D(af(x)) = D (aao + aa1x 4+ aasx® + ...+ ozarxr)
aal + 20asx + ...+ raayz” !
= a(a; +2a02 + ... +ra,2" ) = aD(f(x)).
Since D preserves both addition and scalar multiplication, it is a linear transformation. m

There is a special kind a function from a vector space to itself that is always a linear
transformation.
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Result 15.26  Let V be a vector space over the set R of real numbers. For ¢ € R, the
function T :' V — V defined by T(v) = cv is a linear transformation.

Proof. Let u,w € V. Then
Tu+w)=clu+w)=cu+cw=T(u)+T(w);
while, for a € R,
T(au) = c(au) = (ca)(u) = (ac)(u) = a(cu) = aT'(u).
Therefore, T is a linear transformation. [

For ¢ = 1, the function T defined in Result 15.26 is the identity function; while for
¢ = 0, the function T" maps every vector into the zero vector. Consequently, both of these
functions are linear transformations.

We now look at functions involving other vector spaces. For a function f € Fr and a
real number r, we define the function f 4+ r by (f +7)(x) = f(z) + r for all z € R.

Example 15.27  Let r be a nonzero real number. Prove or disprove: The function T :
Fr — Fr defined by T(f) = f +r is a linear transformation.

Solution. Let f,g € Fr. Observe that

T(f+g)=(f+g) +r,

while
T(f)+T(g) = +r)+(g+r)=(f+g) +2r

Since 7 # 0, it follows that T'(f 4+ g) # T'(f) + T(g). Therefore, T is not a linear transfor-
mation. <

Example 15.28  Let T : My(R) — M3(R) be a function defined by

Al al) =[]

Prove or disprove: T is a linear transformation.
11 2 2 4 0
11 10 20

T is not a linear transformation. <

Solution. Since

and

Example 15.29  The function T : Ma(R) — M3(R) is defined by

([l

Prove or disprove: T is a linear transformation.
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Solution. Let | ! b1 , az b € M3(R) and a € R. Then
C1 d1 C2 d2

az by -
ay+az ar+az | | a1 a1
- cC1 C
ag bg .

c1+c c1+ceo
_ 7 (
c di acy  adp acy  acy
cC1 C C1 d1

Since T preserves both addition and scalar multiplication, T is a linear transformation.

air +az by + by
c1+c di+ds

ar b
c1 dp

while

15.9 Properties of Linear Transformations

An important property of linear transformations is that the composition of any two
linear transformations (when the composition is defined) is also a linear transformation.
This fact has an interesting consequence as well.

Theorem 15.30  Let V,V’, and V" be vector spaces. If Ty : V — V' and Ty : V! — V"

are linear transformations, then the composition TooTy : V. — V" is a linear transformation
as well.

Proof. For u,v € V and a scalar «, observe that

(TQ o Tl)(u -+ V) = TQ(Tl (u + V)) = TQ(Tl (u) + Tl(V))
= T3(Ti(w)) + To(T1(v)) = (T2 0 Th)(0) + (T2 0 T1)(v)

and
(TyoTh)(av) = Ta(Ti(av)) = Te(aTi(V))
= CkTQ(Tl(V)) = Oé(Tg o) Tl)(V)
Therefore, 15 o T3 is a linear transformation. [

As an example of the preceding theorem, let T} : R? — R? and T, : R? — R? be defined
by Ti(a,b,c) = (a+2b—c,3b+ 2¢) and Ty(a,b) = (b,2a,a +b). Then To 0Ty : R? — R3 is
given by

(TyoTy)(a,b,c) = To(Ti(a,b,c))
Ty(a+ 2b —¢,3b+ 2¢)
= (3b+2c¢,2a+ 4b — 2¢c,a + 5b + c).
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From what we mentioned earlier, 77 and 75 can also be defined by

a a 0

1 2 -1 a
s([2])-[0 2 2] wan((2]) -
c c 1

Interestingly enough,

—_ O =
| — |
St Q
| IS

Q

(TQ o Tl)

S
Il
=Moo

8[12—112
03 2
1 c

that is, the composition 75 o 77 can be obtained by multiplying the matrices that describe
Ty and T5. Therefore, if we represent the linear transformations 77 and 75 by matrices Aq
and As, respectively, then the matrix that represents 75 o T} is As Ay. This also explains
why the definition of matrix multiplication, though curious at first, is actually quite logical.
Two fundamental properties of a linear transformation are given in the next theorem.

Theorem 15.31  Let V and V' be vector spaces with respective zero vectors z and z'. If
T :V — V' is a linear transformation, then

(i) T(z) =2 and
(1i) T(—v)=—=T(v) forallveV.
Proof. We first verify (i). Since T preserves scalar multiplication,
T(z) =T(0z) =01 (z) = 7.
Next we verify (i7). Let v € V. Then
T(v) + T(—v) = T(v + (—v)) = T(z) = 7,
the last equality following by (). Since the vector T'(v) in V' has a unique negative, namely

—T'(v), we conclude that T'(—v) = —=T'(v). "

If T:V — V'is a linear transformation, then it is often of interest to know how T acts
on subspaces of V. Let’s recall some terminology and notation from functions. In a linear
transformation T : V' — V’, the set V is the domain of T" and the set V' is the codomain
of T. If W is a subset of V, then T(W) = {T(w) : w € W} is the image of W under 7.
In particular, T'(V') is the range of T.

Theorem 15.32  Let V and V' be vector spaces and let T : V — V' be a linear transfor-
mation. If W is a subspace of V', then T(W) is a subspace of V'.

Proof. Let z and z’' be the zero vectors in V and V', respectively. Since z € W and
T(z) = 2z’ by Theorem 15.31, it follows that z’ € T (W) and so T(W) # (. Thus we need
only show that T (W) is closed under addition and scalar multiplication. Let x and y be
two vectors in T'(WW). Hence, there exist vectors u and v in W such that 7'(u) = x and
T(v) =y. Then

x+y=T)+T(v)=T(u+v).
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Since u,v € W and W is a subspace of V, it follows that u + v € W. Hence x +y =
T(u+v)eT(W).

Next let o be a scalar and x € T'(W). We show that ax € T'(W). Since x € T(W),
there exists u € W such that T'(u) = x. Now

ax = aT'(u) = T(au).

Since au € W, it follows that ax = T(au) € T(W). By the Subspace Test, T'(W) is a
subspace of V. -

To illustrate Theorem 15.32, let’s return to the linear transformation 7 : R? — R?
defined in Result 15.24 by T'(a,b,c) = (2a + ¢,3¢ — b). Let W = {(a,b,0) : a,b € R}. We
use the Subspace Test to show that W is a subspace of R3. Since (0,0,0) € W, it follows
that W # 0. Let (a1, b1,0), (a2,b2,0) € W and let & € R. Then

(al,bl,O) + (az,bg,O) = (a1 + a9, b1 + 52,0) e W and oz(al,bl,O) = (aal,abl,O) e W.

Since W is closed under addition and scalar multiplication, W is a subspace of R3. By
Theorem 15.32, T(W) = {(2a,—b) : a,b € R} is a a subspace of R?. We show in fact that
T(W) = R2. Certainly, R? = ((1,0), (0,1)). Hence to show that T(W) = R?, it suffices, by
Corollary 15.16, to show that (1,0) and (0,1) belong to T'(W). Letting a = 1/2 and b = 0,
we see that (1,0) € T(W); while letting a = 0 and b = —1, we see that (0,1) € T(W).

For this same linear transformation 7', we saw that 7'(1, —6, —2) = (0,0) and 7°(0,0,0) =
(0,0). Hence both (1,—6,—2) and (0,0,0) map into the zero vector of R2. The fact that
(0,0,0) maps into (0,0) is not surprising, of course, since Theorem 15.31 guarantees this.

If T:V — V'is a linear transformation and W' is a subset of V', then

T W)={veV : T(v)e W'}

is called the inverse image of W’ under 7. If W’ = {z'}, where z’ is the zero vector of
V', then T—Y(W’) is called the kernel of T and is denoted by ker(T). That is, the kernel
of T:V — V' is the set

ker(T)=T7'{2})={veV : T(v)=12}.
An interesting feature of the kernel lies in the following theorem.

Theorem 15.33  Let V and V' be vector spaces and let T : V — V' be a linear transfor-
mation. Then the kernel of T is a subspace of V.

Proof. Let z and z’ be the zero vectors of V and V', respectively. Since T'(z) = 7/, it
follows that z € ker(T") and so ker(T') # (). Now let u,v € ker(7) and o € R. Then

Tu+v)=T)+T(w)=2+2' =7
and
T(au) = aT(u) = az' =7

This implies that u 4+ v € ker(T) and au € ker(T'). By the Subspace Test, ker(T) is a
subspace of V. [

Returning once again to the linear transformation 7" : R®* — R? in Result 15.24 defined
by T'(a,b,c) = (2a + ¢,3c — b), we see that
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ker(T) = {(a,b,¢) : 2a+c=0and 3c—b=0}

is a subspace of R?. Since 2a + ¢ = 0 and 3¢ — b = 0, it follows that a = —c¢/2 and b = 3c.
Thus ker(T) = {(—¢/2,3¢,c) : ¢ € R}. In other words, ker(T) is the subspace of R3
consisting of all scalar multiples of (—1/2,3,1).

Exercises for Chapter 15

15.1 Prove that the set C = {a+bi : a,b € R} of complex numbers is a vector space
under the addition (a + bi) + (¢ + di) = (a + ¢) + (b + d)i and scalar multiplication
a(a + bi) = aa + abi, where a € R.

15.2 Although we have taken R to be the set of scalars in a vector space, this need not
always be the case. Let V' = {([a], [b]) : [a],[b] € Z3} and let Z3 be the set of scalars.

(a) Show that V is a vector space over the set Zs of scalars under the addition
([a], [6]) + ([¢],[d]) = (Ja + ¢],[b + d]) and scalar multiplication [c|([a],[b]) =
([cal, [cb]).

(b) Write out precisely the elements of V. (Hence a vector space can have more than
one vector and be finite.)

15.3 Addition or scalar multiplication is defined in R? in each of the following. (Each
operation not defined is taken as the standard one.) Under these operations, determine
whether R3 is a vector space.

(a) (a,b,¢) + (d,e, f) = (a,b,c)

(b) (a,b,c)+ (d,e, f)=(a—d,b—e,c— f)
(c) (a,b,c)+ (d,e, f) =(0,0,0)

(d) a(a,b,c) = (a,b,c)

(e) ala,b,c) = (b,c,a)

(f) a(a,b,c)=(0,0,0)

(g) afa,b,c) = (aa,3ab, ac)

15.4 Let V be a vector space, where u,v € V. Prove that there exists a unique vector x
in V such that u +x =v.

15.5 Let V be a vector space with v € V and a € R. Prove that a(—v) = (—a)v = —(av).

15.6 (a) Let V be a vector space and u,v,w € V. Prove that if u + v = u+ w, then
v = w. (This is the cancellation property for addition of vectors.)

(b) Use (a) to prove Theorem 15.3.
15.7 Prove or disprove:
(a) No vector is its own negative.

(b) Every vector is the negative of some vector.

(c) Every vector space has at least two vectors.
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15.8 Let V be a vector space containing nonzero vectors u and v. Prove that if u # av
for each o € R, then u # f(u + v) for each 5 € R.

15.9 Determine which of following subsets of R* are subspaces of R*.

(a) W1 ={(a,a,a,a) : a € R}
(b) We ={(a,2b,3a,4b) : a,b € R}
(c) W3 ={(a,0,0,1) : a € R}
(d) Wy = {(a,a?0,0) : a€ R}
(e) W5 ={(a,b,a+b,b) : a,be R}

15.10 Let FRr be the vector space of all functions from R to R. Determine which of the
following subsets of FRr are subspaces of FRr.

(a) Wi consists of all functions f such that f(1) =0 = f(2).
(b) Wj consists of all functions f such that f(1) =0 or f(2) =
(c) W3 consists of all functions f such that f(2) = 2f(1).
(d) Wy consists of all functions f such that f(1) # f(2).

(d) Ws consists of all functions f such that f(1) # 0.

15.11 Recall that the set R[z] of polynomial functions is a subspace of Fr. Now determine
which of the following subsets of R[z] are subspaces of R[z].

(a) Uy ={f : f(x) =a for a fixed real number a} (The set of all constant polyno-
mials)

(b) Us={f : f(x)=a+bx+ cx®+dx>, a,b,c,d € R,d# 0}
(c) Us={f : f(z)=a+bx+cx®+dx3a,b,c,dec R}

(d) Uy ={f : f(x) =ao+ax?® +asz* +... + agmz®,m >0, and a; € R for 0 <
i <m}

(e) Us={f : f(z)=(2®+1)g(z) for some g € R[z]}

15.12 Let M3(R) be the vector space of 2 x 2 matrices whose entries are real numbers.
Determine which of the following subsets of My(R) are subspaces of Ma(R).

(a) W:{[Z Z] : ad—bc:()}

(b) W = {l z Z ] D ara+ agb + age+ ayud = O}, where aq, ag, a3, a4 are fixed

real numbers.

15.13 Prove that

ap a2 as
W = 0 a4 as ca; €ERfor1 <i<6
0 0 Qg

is a subspace of the vector space M3[R].
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Let U and W be subspaces of a vector space V. Prove that UNW is a subspace of V.

The graph of the functionf : R — R defined by f(z) = %w is a straight line in
R? passing through the origin. Each point (z,y) on this graph is a solution of the

equation 3x — 5y = 0. Prove that the set S of solutions of this equation is a subspace
of R?.

Determine the following linear combinations:

-1 -1

-1 -1

In R3, write i = (1,0,0) as a linear combination of u; = (0,1,1),us = (1,0,1), and
us = (1,1,0).

(a) 4-(1,-2,3)+(-2)-(1,-1,0)

3 -2 11

(b) (_1)l1 -3 12| TP

+2

Let u=(1,2,3), v=(0,1,2), and w = (3,1, —1) be vectors in R3.

(a) Show that w can be expressed as a linear combination of u and v.
(b) Show that the vector x = (8,5, 2) can be expressed as a linear combination of u,

v, and w in more than one way.

Let V be a vector space containing the vectors vi,va, ..., Vv, and the vectors wi, wo,

vy Wi Let W = (vq,ve,...,v,) and W = (wy,ws,...,Wy,). Prove that if each
vector v; (1 < ¢ < n) is a linear combination of the vectors wy, wa,..., W,,, then
W Ccw.

Prove that ((1,2,3),(0,4,1)) = ((1,6,4),(1,—2,2)) in R3
Let V be a vector space and let u and v in V. Prove that
(a) (wv) = (u,2u+v)

(b) (w,v) =(u+v,u—v)

Determine which sets S of vectors are linearly independent in the indicated vector
space V.

(a) S ={(1,1,1),(1,-2,3),(2,5,—1)};V = R3.
(b) S ={(1,0,-1),(2,1,1),(0,1,3)}; V = R3.

S (LR E R R

For the vectors u = (1,1,1) and v = (1,0,2), find a vector w such that u,v,w are
linearly independent in R3. Verify that u, v, w are linearly independent.

Prove or disprove: If uj,us,u3 are linearly independent vectors in a vector space V/,
then u; + u9, u; + us, 2us are linearly independent vectors in V.

Determine which sets S of vectors in Fr are linearly independent.

(a) S ={1,sin®z,cos®x}

(b) S={1,sinz,coszx}
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15.26

15.27

15.28

15.29

15.30

15.31

15.32

15.33

CHAPTER 15. PROOFS IN LINEAR ALGEBRA
(©) 8= {1,¢", ¢}
(d) S={1,2,2/(x? +1)}.

Let S = {uj,uy,...,u,} be alinearly dependent set of n > 2 vectors in a vector space
V. Prove that if each subset of S consisting of n — 1 vectors is linearly independent,
then there exist nonzero scalars cq,cs, ..., c, such that c;u; + cous + ... + c,u, = 2.

Prove that if T : V — V' is a linear transformation, then
T(a1vi +agvy + ...+ apvy) = o T(vi) + aoT(ve) + ... + T (vy),
where vi,vy,..., v, € V and a1, as,...,a, € R.

Let V and V' be vector spaces and let T : V' — V' be a linear transformation. Prove
that if W' is a subspace of V', then T—!(W’) is a subspace of V.

Prove that there exists a bijective linear transformation 7' : R? — C, where C =
{a+bi : a,b € R} is the set of complex numbers.

For vector spaces V and V', let T} and T be linear transformations from V to V.
Define Ty +T5 : V — V' as

(Tl + TQ)(V) = Tl(V) + TQ(V).

Prove that T} + 15 is also a linear transformation.

a b
LetW_Ho a+b

(a) Prove that W is a subspace of M3(R)

(b) Prove that there exists a bijective linear transformation 7': R? — W.

: a,bGR}.

3 1 -1
2 =5 2
T(u) = Au, where u is a 3 x 1 column vector in R3.

For the 2 x 3 matrix A = [ ], a function T : R? — R? is defined by

4
(a) Determine T'(u) foru= | —1
—2

(b) Prove that T is a linear transformation.
Let D : R[z] — R][z] be the differentiation linear transformation defined by

D(co+cix+...+cpa")=c1+2cr+...+ ne,x L.

Determine each of the following.

(a) D(W), where W ={a+bx : a,b€ R}.
(b) D(W), where W = R.
(c) ker(D).
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15.34 Let T : M2(R) — M2(R) be the linear transformation defined by

rlea)-le]

and consider the subset W = { [ 0 d

] : a,dER} of M>(R).

(a) Prove that W is a subspace of Ms(R).
(b) Determine the subspace T (W) of Ma(R).
(c) Determine the subspace ker(T") of Ma(R).
15.35 For the following statement S and proposed proof, either (1) S is true and the proof

is correct, (2) S is true and the proof is incorrect, or (3) S is false and the proof is
incorrect. Explain which of these occurs.

S: Let V be a vector space. If u is a vector of V' such that u+v = v for some v € V,
thenu+v=vforallvelV.

Proof. Assume that u+v = v for some v € V. Then we also know that z+v = v,
where z is the zero vector of V. Hence u+ v = z + v. By Exercise 15.6, u = z and
sout+v=vforalveV. L]



