Taylor and Maclaurin Series

Questions:

Given a function f(x), can we represent f(x) by a power series? If so, how can
we find the power series?

Answer:

Start by recalling Taylor and Maclaurin polynomials.
Definition: If f has n derivatives at c, then the polynomial

(x —c)? +w x-c)®+ +fm) ©
-

f'(c)
P,x)=f()+f'(c)(x—c) + > x=o)"

n!
is called the n" Taylor polynomial for f at c. If c=0, then
f" (o) flll (0) 3 f(n) (O) N
+——X"+...+—X

n!

P,(x)=f(0)+f (0)x + N

is called the the n'" Maclaurin polynomial for f.

Example 1: f(x)=—~ =1 -x)"¢

=T "

Let's find some Maclaurin polynomials!

1
f(0)=—— =

f')=-1(1-X"2(=1)=(1-x72 sof'(0)=1

") =-21-x"3(-1)=21-x"°, sof"(0) =2
f"x)=-6(1L-x)""(-1)=6(1-x)"* sof"(0) =6, andwe see thatthe pattern s
fVx) =-nt@-x" "1 =n1@-x""P, sof™ (0)=n!

Thus the n" Maclaurin polynomial for f(x) = 1—fxis

"o X2 + ™o X3 + +w X"

Prn(¥)=f0)+f (0)x+
6 n!
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2 6 n!
X=X =X A — X" = L X XX+ X
2 6 n!

which is just the npartial sum of the power series we found for f(x).

n

Theorem:

If f is represented by a power series f(x) = Y;-,a, (x—c)" for all x in an open

interval containing ¢, then a, = f(nr)l(,c) and

f'(c " (c ™ (c

()(x—c)2+ﬁ(x—c)3+...+ ©
21 e n!

fx)=f)+f'(c)(x-c)+ X=C)"+... =

NOTE: This is a big "if."

Definition:

If f has derivatives of all orders at x = c, then the series

f™ (c)

n!

fr fr
f(c)+f'(c)(x—c)+ 2(::) (x—c)2+§ X—C)P+...+ xX-0)"+...

is the Taylor series for fat c. If c =0, then it is the Maclaurin series for f at
C.

Finding Taylor Series:
m Example: The Maclaurin series for f (X) = e*
f(0)=e’=1
f'(x) =€, sof'(0)=1
f'(x) =€, sof"(0)=1
f"(x) =€, sof"(0)=1
™ (x) = e*, sof™(0)=1
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= ™ (0 ) , (0 0
()(X—O)n:f(O)+f'(0)X+LX2+LX3+...+ Lo
nt 21 31 n!

X-C)"+... =

n=0
¥ 3 xr X

l+X+—+—+—+— +...
2! 3! 41 5!

In this case, we showed earlier that the function f(x) = €* is represented by this

same series. That is,

n 2 3 4 5

(o)

« X X= x° X' X

=) —=1l+X+—+—+—+— +...,, —00<X<
= n! 2! 3! 4! 5!

Series[Exp[x], {X, 0, 10}]
X2 x3 x4 x5 X6 x7 x8 X2 x 10

11

1+X+— +— +— + O[x]

2 6 24 120 720 5040 40320 362880 3628800
Example: The Maclaurin series for f(X) = sin x
f(0)=sin0=0
f'(x) =cosx, sof'(0)=1
f"(X) = —sinx, sof"(0)=0
f"(X) = -cosx, sof"(0)=-1
f4 (x) = sinx, sof® 0)=0

and this pattern now repeats.

= 10 (0 0 , O i (c
()(X—O)”:f(0)+f'(0)x+ ()X2+LX3+...+ ()(x—c)”+...:
o n! 2! 3! n!
0x2 x2 ox* x® 0x% x' o0x® X x> x X
O+X+4— —— +— +— +— —— 4 —— 4 =X —— F— —— +— — ...
2! 3! 4! 5! 6! 7! 8! 3! 5! 7! 9l

In this case, we do not know whether the function f(x) = sin x is represented by
a power series centered at ¢ = 0. If itis, then it must be the one we have just
found.

Series[Sin[x], {x, 0, 10}]

x3 x5 x7 x9 u
+0O[x]

+— - +
6 120 5040 362880

Example: The Taylor series for f(X) = In Xcentered atc =1
f(1)=In1=0

f'x)=x1, sof' (1) =1

f"(x) = -x2, sof"(1)=-1

fx)=2x3, sof™ (1) =2
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fYx) =-6x* sof®1)=-6
f© (x) = 24x7°, sof® (1) = 24
fVx) = (D"t (n-1)!x™", sof™ (1) = (-1 (n-1)!

) f(n)(l)
(x-1)"=
I n!
f'@1 f" (1 4 & (1
f(1)+f (1) (x=1)+ ( )(x—1)2+L(x—1)3 ¢ )( x—1)%+ ( )(x—1)5+
! 3! 4! 51
£ (1
+ ()(x 1) +... =
n!

-1
1(x- 1)+—(x 1) +— (x 1) +
2! 3!

-6 24 -D"(n-1)!
—(x D+ — x=1)°+ w(x—l)”+...:
4! 5! n!

n

xX=1D"+... =

(x—l)——(x—1)2+—(x—1)3— x-1%+= (x 1)° +.
2 3 4 5

S ey

n
n=0
In this case, we do not know whether the function f(x) = In x is represented by
a power series centered at c = 1. Ifitis, then it must be the one we have just

found.
Series[Log[x], {x, 1, 10}]

1 1 1 1
(Xx-1)-— (x-1)2+— x-1)%-— (x-1)*+— (x-1)%-
2 3 4 5
1 1 1 1 1
- x-1%+— x-1)7"-— x-1)8+— x-1)°-— x-1)0.0ox-111
6 8 10
Questions:

Given a function f(x), can we represent f(x) by a power series? If so, how can
we find the power series?

Answer:

Recall the Taylor remainder.
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f(l’l+l) Z)
Ry (X) = (x-c¢)"", where z is betweenx and c.
(n+1)!
Theorem:
The equality
f'(c f"(c ™ (c
f(x)=f(c)+f (C)(x—C)+ © (x—c)2+J x-03+...+ © X=C)"+... =
2! 3! n!
0 f(n)
Z ( )(x—c)”
n=0 !
holds if and only if there is a z between x and ¢ such that
f(n+1) z
lim R, (x) = lim x-c)"t=0
n-co oo (N + 1)!
for all x in an interval about c.
Example: The Maclaurin series for f(x) =sin x
f(0)=sin0=0
f'(X) =cosx, sof'(0) =
f"(X) = —sinx, sof"(0) =
f"(X) =—-cosx, sof"(0)=-1
f (x) = sinx, sof? (0)=0
and this pattern now repeats.
f+D (z z
Rn (X) = 2 (X—O)n+l — g( ) Xn+l
(n+1)! (n+1)!
where g (z) is one of the four functions cos z, sin z,
—cosz, and —sinz. Inanycase, |g(z)| <1, and
2) 11X n+1 X n+1
I|m|R(x)|_I|m| 9@ A - mmslimL:O
n-oo ! (N4 1)! noeo (N +1)! n-oo (N+1)!
for all x since the series
00 Xn
n!

n=0
converges for all x. Thusthe Maclaurin series represents sin x for all x; thatis,
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2 x> XX

SINX=X—-—+——-——+—+...,, —00< X<
3! 5! 7! 9!

Example: The Maclaurin series for f(x) = cos x

Since
_ 2 x x' X
SINX=X—-——4+——"—4+—+..,, —00< X<
3! 5! 7! 9!
differentiating immediately gives
X2 x* x5 X8
cosX=1-—+———+—+.., —00< X< 00

2! 4! 6! 8!

Example: f(x) = sin Vx

Since

. X3 5 X7 X9

SINX=X——+4+— ——+—+..., —00< X< 00
31 51 7! 9l

we can substitute to find that
X

, i (W1/2) _ W12 B
sm\/;_sm(x ) =X oy + i + o

Series[Sin[Sgrt [x]], {X, O, 5}]

X

3/2 X5/2 7/2 9/2

X X

+.., 0=X<o0

x3/2 x5/2 x7/2 x9/2

X - +O[x /2

+

¥ _
6 120 5040 362880



Plot [Sin[Sgrt [x]], {X, 0, 100}, AxesOrigin > {0, 0},

Pl ot Range -» {{0, 100}, {-1, 1}}, PlotStyle » {Blue}, AspectRatio -» 1]
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Pl ot [Eval uate[Normal [Series[Sin[Sqrt [x]], {x, O, 5}111, {Xx, O, 100}, AxesOrigin - {0, 0},

Pl ot Range -» {{0, 100}, {-1, 1}}, PlotStyle » {Red}, AspectRatio -» 1]
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Show[Pl ot [Sin[Sgrt [x]], {X, O, 100}, AxesOrigin - {0, 0},
Pl ot Range -» {{0, 100}, {-1, 13}, PlotStyle -» {Blue}, AspectRatio - 1],

Pl ot [Eval uate[Nornmal [Series[Sin[Sgrt [x]], {X, O, 5}111, {Xx, 0, 100}, AxesOrigin - {0, 0},
Pl ot Range -» {{0, 100}, {-1, 1}}, PlotStyle » {Red}, AspectRatio -» 1]]

10~
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0.0 ! .
20 100
-05-
-10%-
: : sin X—=x
Flnd|lmx_,oT
_sinx—-x 1 X x x xX°
im——— =lim— [[x—-——+— -—+— +...[-X]|=
-0 x3 x-0 3 31 51 71 9!
A S I _ 1 X2 x* x5 1 1
im—|{-—+——-—+—+..|=lM[-—+———+—+ . |=—— =——
x-0x3{ 3! 5! 7! 9! x-0{ 3! 5! 7! 9! 3! 6

Series[(Sin[x] -x) /x"3, {x, 0, 5}]

1 x? x4

y—
6 120 5040

+0O[x]8

Cool Example: f(x) = e™

We definei = \/? so
i=y-1



i® =P xi=-i
it= i’xi=1

P =itxi=i
and soon. Since

1 1 1 1
=l Xx+— X+ — X+ — X+ —x°+. ..
2! 3! 4! 51

we have

. 1 1 1 1
e =1+ix+— (X2+— (3 +— (ix)'+ — (i%°+
2! 3! 41 5!

1 1 1 1 1
— (%% = (i) — ([(0%+ — ([(x%+ — (0. .. =
6! 7! 8! 9! 10!
1 1 1 1
T+ix+— P2 +— X +—i*x*+—°x°+
2! 3! 4! 51
1 1 1 1 1
— O =i X =B =0+ — i,
6! 7! 8! 9! 10!
1 1 1 1 1
(1——x2+—x4——x6+—x8——x1°+...)+
2! 4! 6! 8! 10!
1 1 1 1
i(x—— X — X0 —— x7+—x9—...):
3! 5! 7! 9!

COSX +isinx

Thatis, €™ = cosx +isinx

If we let x = winthis equation, we have
e" =cosx +isinr=-1, or
e”+1=0

Exp[i 7]

-1

Exp[ix] // ExpToTrig

Cos [x] +1Sin[x]
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