Characterizing The Impulse Function
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Definition 1 d.. (t) =< =
0, else

Theorem 2 If f is continuous on [a,b], with a < b, then 3 ¢ € [a,b] such that

b
[ra=rewe-a.
This is known as the mean value theorem (MVT) for integrals.

Proof. Omitted. m

Now, consider the continuous function ¢ (¢} on the interval {c ~£,c+ -;—] such that ¢ (¢) — 0 as
t — co. As with any continuous function, the MVT ensures the existence of some t* € [c —§,c+ %}
such that
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/ By dt=6(t") [(c+5)~ (c—£)] = e (t).

—&/2
Then
1 cte/2 cte/2 1 oo
sw)= [ owa= [ lowa= [ awea
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This, in turn, implies that

lime (t*) = lim de () ¢ () dt.
-0 e—0 Jy
Noting that t* — ¢ as € — 0 we see that
limg (t*) = 6 (c) = / limde. (1) 6 (t) dt.
e—0 o €0
Having already characterized the "function" 8 (t — ¢) as
| se-asma=se,
0
we have that - -
/ G{t—c)p(t)dt = / limd, . (t) ¢ (t) dt.
0 p =0

This somewhat justifies the following popular characterization of & (t — ¢),

. lx:" t = C
S(t—c) = Il_f}?)dc,f (¢) = { 0, else

£

1

as well as the name "impulse function”.



