
Section 7.7 Approximate Integration

Riemann Sums ∫ b

a

f(x)dx = lim
n→∞

n∑
i=1

∆xf(x∗i )

where ∆x =
b− a

n
and x∗i are sample points from the interval [xi−1, xi].

Midpoint Rule ∫ b

a

f(x)dx ≈Mn = ∆x[f(x̄1) + f(x̄2) + · · ·+ f(x̄n)]

where

∆x =
b− a

n

and

x̄i =
1

2
(xi−1 + xi) = midpoint of [xi−1, xi].

Trapezoidal Rule ∫ b

a

f(x)dx ≈ Tn =
∆x

2
[f(x0) + 2f(x1) + · · ·+ 2f(xn−1) + f(xn)]

where ∆x =
b− a

n
and xi = a + ∆x.

Error Bounds for Midpoint and Trapezoidal Rules

Suppose |f ′′(x)| ≤ K for a ≤ x ≤ b. If ET and EM are the errors in the Trapezoidal and Midpoint Rules,
then

|ET | ≤
K(b− a)3

12n2
and |EM | ≤

K(b− a)3

24n2
.

Simpson’s Rule∫ b

a

f(x)dx ≈ Sn =
∆x

3
[f(x0)+4f(x1)+2f(x2)+4f(x3)+2f(x4)+· · ·+4f(xn−3)+2f(xn−2)+4f(xn−1)+f(xn)]

where n is even, ∆x =
b− a

n
, and xi = a + ∆xi.

Error Bound for Simpson’s Rule

Suppose that |f (4)(x)| ≤ K for a ≤ x ≤ b. If ES is the error involved in using Simpson’s Rule, then

|ES | ≤
K(b− a)5

180n4
.
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