Section 7.5 Integrating Rational Functions By Partial Fraction Decomposition

How to Integrate Rational Functions:

Let f(z) = gg; be a rational function (ie, a ratio of polynomials).
e If deg(P) > deg(Q), use polynomial long division to rewrite f(x) as the sum of simpler fractions:
P(x) R(x) :
x) = = S(x) + R(x) remainder
@) = G = S+ Gt (RE) )

e If deg(P) < deg(Q), use partial fraction decomposition to rewrite f(x) as the sum of simpler fractions.

Method of Partial Fraction Decomposition
If deg(P) < deg(Q), we need to express f(z) as a sum of partial fractions. We have 4 cases depending on
Q(x) :

Case I The denominator Q(z) is a product of distinct linear factors. This means we can write
Q) = (s +br) - - (arz + by)

where no factor is repeated. In this case the partial fraction theorem states that there exists constants

Ay -+ Aj such that
P({L‘) Al Ak:

Q(x) a1x+b1+.“+akx+bk'

Case IT Q(z) is a product of linear factors, some of which are repeated. Suppose the first linear factor (a2+b;)

is repeated r times. Then instead of the single term 71, we would use
a1x + b1

Ay + As + + L
((11£C+b1) (a1x+b1)2 (a1x+b1)T'

Case III Q(z) contains irreducible quadratic factors, none of which is repeated. If Q(z) has the factor az?+bz+c,

Plz) will have a term of the form ﬂ
Q(x) ax?® + b + ¢

where b? — 4ac < 0, the expression for

Case IV Q(z) contains a repeated irreducible quadratic factor. Suppose the irreducible quadratic factor ax? +

A B
bx + c is repeated r times. Then instead of the single term L, we would use
ar? +br +c
Alli + Bl AQI + B2 + ATI’ + Br
(az? +bx+c) (az?+ bz + c)? (ax? +bx + )"



